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1. Introduction, Notations and Definitions

The g-shifted factorial is defined by,

(a, ), = 0 if n=0;
@n = 1-a)(1—aq)(1—ag*) ...,(1—aq™?t) ifn>1.
Also,

qn(n+1)/2

—a)"(q/a; q)n
The generalized basic hypergeometric series is given by

(a;q)—n = (

A1, A9y oeey Qri 15 G5 2 & (ar,az, ..., Qrp15q)n2"
T q)r = ’
+1 [ bi,ba, ..., by } nz:% (q,b1,b2, ..., 059

where (a1, as, ..., 4,415 ¢)n = (@15 9)n(a2; @)n-..(ar+1; q)n and max.(|z|, |q|) < 1 for
the convergence of the series.
The generalised bilateral basic hypergeometric series is defined as,

a1, A9, ..., Qr @5 2 — (a1,a2, ..., 0,3 ) 2"
7‘\]:/7‘ - ?
|: bl,bg,...,br } Z (b17b2,...,b7~;q>n

n=—oo

blbea "'7br

Q1,02 ..., Qr
An expression of the form,

where < |z| < 1 for the convergence of the series.

a; as as
by +
O byt byt by + ...
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is called infinite continued fraction.

The series of the form,
= a,2"
1.1
Z 1 — zn ( )

n=1

is called Lambert series. If Z a, converges, then the Lambert series (1.1) converges

n=1
for all values of z except for z = £1; otherwise it converges for those values of z for
o0
which the series Z a,z" converges.
n=1

There are a number of fascinating results on continued fractions in the note-
books of Srinivasa Ramanujan, specially in the second and ‘Lost’ notebooks. Many
mathematicians such as B. Gorden [7], L. Carlitz [4], Hirschhorn [9], K.G. Ra-
manathan [11], G.E. Andrews and B.C. Berndt [1], S. Bhargava and C. Adiga [2],
D.P. Gupta and D. Masson [8], R.Y. Denis [5,6], S.N. Singh [12], N. Bhagirathi
[3] and many others have proved and also generalized the results of Ramanujan on
continued fractions.

In this paper, an attempt has been made to establish some interesting and new
results involving Lambert series and continued fractions
2. Main Results

In this section we shall establish our main results.

(i)

Z )\n in Z qkn +(i+j)n ) (1 _ /\Mq2kn+i+j)
1 — ,uqkn-i-] 1 _ [qun+]>(1 _ )\qkn-i-z)

B 1 )\q’(l _ qu) )\quJrj(l —q )2 )\qk+i(1 _ qu+j)2
(= pg)= (L= pg" )= (1= pg? )= (1 — pg®+i)—
)\qu+i+j(1 o q2k)2 )\q2k+z’<1 _ uq2k+j)2 Auq%”*j(l _ q3k)2

(1= pg* )= (L= pgt)— (1 — pg¥+i) — -
i Nt IO (1= Mg )
=l —pgtrt = (1= pgt ) (1 = Aghnt)
oo qkn2+(2k—i—j)n+k—i—j(1 _ q21~m+2kz—i—j//\'u)
= (1= gt N)(L — gt ) (Ap)
(@5 )P Ong™ T A ) (2.2)

(g7, A®, @9 [ 11, @71 /N5 4F) oo
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Proof of (2.1)
In order to prove (2.1) let us consider the ratio

= (q,’C; Dn 1
— (a,b;9)n _, N N (b q)n2" .
nzzo (@) . nZ:O (¢: )n(c; @)n Hag: @)~ (a:0)n)
 (aq,b;q)n
; (0,6 @)
B 1
_1_ az(1=0)/(1—c¢)
 (0G D [ (0 D)n (b3 0)n
. ; 4 On {(cq;q)n (c Q)n}
— (ag, bg; O
,; (¢, Q)
B 1
_1 az(1=0)/(1—c¢)
z2(b—c)(1 —aq)/(1 —2)(1 - cq)
— (bg;D)n_, [ (g’ ) (ag;q)n
. nz;; (G D)n {(cq s On (cq;q)n}
o (a0’ bg ),
nz; (¢;cq* q)n
1
1 az(1—=10)/(1 —c¢)
- 2(b—c)(1 —aq)/(1 —c)(1 — cq)
3 2q(a —c)(1 —bg)/(1 — cq)(1 — cg?)
(9% Dn_n [ (030)n  (0g:0)n |
- ,; (4 ¢)n {(cq 5 q)n (cq2;q)n}

iaq?bq @n_n

— (¢,¢q% q)n
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Iterating this process we have

S Clq,b Q)TL n
Z (¢, ¢; (.I)n 1 azl=0)/(1—-c)z(b—c)(1—aq)/(1 —c)(1—cq)

; (@.5:0)u_, T 1- 1— 1—
HZ:O (¢
zq(a —c)(1 —bq) /(1 —cq)(1 — cq?) zq(b — cq)(1 — ag®) /(1 — cq*)(1 — cq®)
- 1—
2q*(a — cq)(1 — bqu_)/(l —cq’)(1 — cq") (2.3)

Taking a=1, making use of Rogers-Fine identity [1; (9.1.1) p. 223] and then apply-
ing [10; (2.3.14) p. 33] in (2.3) we find,

= (0:0)nz" = (b9)n(b2g/c; q)ncm2 g™ (1 — bzg™)
nZ:O ;O ; (¢ @)n(2; @)npa
_ 121 —q) 2(b—)(1 — q) 2q(1 — ) (1 — bg) 2q(b — cq)(1 — ¢*)
I-(1-¢)= (1—cq)— (1 —cq®)— (1 —cq®)—
2¢2(1 — ¢q)(1 — bg®) 2¢*(b — c¢*) (1 — ¢°)
(1 —cq*)— (1—cq®) - 24)
Again, taking c=bq in (2.4) we get after some simplification,
N ¢ 1 — bzq M1 z(1-b)?
Z Z 1—bq —2q")  (1—0)—(1—bg)—

n=0

bz(1 — q)? 2q(1 — bg)* bzq(1 — ¢*)* 2¢*(1 — bg*)* bz¢*(1 — ¢*)? (2.5)
(1=0g*)— (1 =bg®)— (1 —bg*)— (1—-bg®)— (1—0bg")— '
Now, replacing q by ¢* z by A¢' and b by ug’ in (2.5) we get (2.1).

Proof of (2.2)
In order to prove (2.2) let us consider the Ramanujan’s celebrated summation

formula, viz.,

(a;Q)n _ (q,b/a,az,q/az;q)oo
Z (b§Q)nz B (q7Q/&,Z,b/az;q)oo’ (2‘6>

Slater, L.J. [13; App. IV (IV. 12)]
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which can be written as,

$ e Swaen gy (2) S 0o (1)

~ (g,b/a,az,q/az;q)

= 2.7
(b:0/a. 2 baz: ) 27
Using Rogers-Fine identity [1; (9.1.1) p. 223] in (2.7) we have,
i (a; i a; Q)n(az2q/b; Q)b 2"q" (1 — azg®)
N0 ( =0 (05 @) (25 @)nt1
b2 \" o g2
2 /. . e n<—n _
+(1—q/b ( ) i (@ /b;0)n(q/2 @n (azz) q <1 s
(1 —gq/a) — (¢?/a; O)n(b/az; q)ns1
(b,q/a, z,b/az;q)x
Putting b=aq in (2.8) we get
f: A i ¢ (a2)"(1 = azg®™) g =g = " Jaz)(1/az)"
= l-agm = (1-ag")(1-zq") azi= (1- q”“/a (1—qnt1/z)
_ (©9)3%(az,q/azq) (2.9

(a,q/a,2,q4/% q)o
Now replacing q by ¢*, z by A\¢" and a by ug’ in (2.9) we get (2.2)
3. Special Cases
In this section we shall deduce certain interesting special cases of (2.1) and
(2.2).
(i) Taking A = g and j = in (2.1) we get

i )\n in i qkn2+2in>\2n(1 + )\qkn+z)

— 1 _ )\qkn—l—z “— (1 _ /\qkn-l—z)
1 A=A N (1 ¢h)?
(1= 2g)— (1= AghH)— (1 — Ag?+)—
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AGH(L — AgFH)2 A2E (1 — g2F)2 AP HI(1 — A\g2F )2 \2g2RH2i(1 — 32

(1= A@Ft)— (1 — Ag*kti)— (1= AgFt)— (1 — AgBhti) — .

(ii) Taking A= —1,u=1,i=j =2k =41n (2.1) and using [1; entry (18.2.4) p
397] we get

(3.1)

i n 2n i q4n2+4n(_1)n(1 +q8n+4)

= (1- q4"+2 — (1—g®*)
_ 1 A=) 1-d") (1 - ) ¢ —¢) (3.2)
(I=¢)+ (1—¢)+ (1—¢")+ (1 - q14)+ (1—q") + ... '

(iii) Again, taking A = 1,4 = —1,i = j = 1,k = 2 in (2.1) and using [1; entry
(18.2.4) p. 397] we find,

00 io: q2n2+2n(_1)n(1 +q4n+2)
2n+1 _ 44n+2
— (1 + q (1 —qg*+?)

_ 1 (](]. + q)2 q2(1 _ q2)2 q3<1 + q3)2 q4(1 _ q4)2 q5(1 + q5)2
14+¢—1+A)+ 1+¢)— 1+d)+ 1+¢)— 1+¢")+ ...

Now, comparing (3.2) and (3.3) we get the fundamental property of Lambert series,
Viz.,

n—=

(3.3)

(et g
;m:;m (3.4)

(iv) Taking k =4,i=j=1,A = p=1in (2.2) and then using [1; (6.2.25) p. 151]
we find,

i i q4n +2n 1 + q4n+1 i q4n2+6n+2(1 + q4n+3)
= (1 _ q4n+1 — 1 _ q4n+1 — (1 _ q4n+3)
2. 2
9549 )
={Lf¥—}=wm>
(¢:4%)
1L gq-¢ P ¢—q ¢ \° (3.5)
1— 1+ 1— 1+ 1- 1+.. ’
Comparing (3.3) and (3.5) we obtain
i 1 QQZnH - i 1 qn2n+1 (3.6)
n=-—o00 ( —4q ) n=0 + q
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Also, comparing (3.5) and (3.2) we get

> > n 2n
_Z (1 _ q16n+4 Zo _ q4n+2 (3'7)

(v) Taking k =4,i =2, =1,A=p=11in (2.2) we get,

i 2n e q4n +3n 8n+3 i 4n +5n+1(1 q8n+5)

S ( 4n+1 n:(] 1 _ q4n+1 4n+2 n:() 4n+2 q4n+3)
(AL 9.8
(%Y (38)

Dividing (3.8) by (3.5) and using [1; (6.2.1) p. 150] we get

o0 2n o0 4n? +3n 8n+3) o q4n2+5n+1(1 _ q8n+5)

¢ q —4 _
nz_oo (1— q4n+1) £ (1 —_ q4n+1 1 — gint2) rar (1 — g4 +2)(1 — ¢4n+3)
0 qn B o q4n +2n 1 + q4n+1> 0 q4n2+6n+2(1 + q4n+3)
n:Z:OO (1 — g*n+1) nZ: — g t) N ot (1 — g*n+3)
@A U1 g g+ Pt (3.9)
(% ¢*)oo 1+ 1+ 1+ 1+.. '

(vi) Choosing k =5,i=j=1,u=X=11in (2.2) we get,

f: f: q5n +2n 1 + q5n+1) B f: q5n2+8n+3(1 + q5n+4)
= (1 _ q5n+1 — 1 _ q5n+1) — (1 _ q5n+4)
(@*, 6% 4°)os
= (") e (3.10)
(¢, 9% %)%

Again, choosing k =5, A =p =1,i = j = 2 in (2.2) we obtain,

i 2n _ i an +4n 1 4 q5n+2 i q5n2+6n+1(1 4 q5n+3)
= (1 _ q5n+2 — 1 _ q5n+2 — (1 _ q5n+3)
4. 5
= (4% )3 (8050 ) (3.11)

(% ¢%¢°)%
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Dividing (3.10) by (3.11) and then using [1; corollary (6.2.6) p. 153] we find,

oo 5n24-2n 1 +q5n+l) 0 q5n2+8n+3(1 + q5n+4)

q" = q
Z _ 45n+1 Z gl _Z _ 5nt4
S T 2 & e
) on ) q5n2+6n+1(1+q5n+3)

Z q i q5n +4n 1 + q5n+2) B Z
(]_ _ q5n+2) 1 _ q5n+2) (1 _ q5n+3)

n=—oo n=0 n=0

() e
(¢, 0" ¢°)o I+ 1+ 1+ 141+ f .

Andrews and Berndt[1; (4.4.2) p. 117]

which is the celebrated result of Ramanujan.
(vii) Choosing A =pu=1,k=>5,i=1,5 =3 in (2.2) we find,

oo o0 5n2 +4n 10n+4 oo 5n2+6n+1 1 — glon+6
> ! Sy
= (1 _ q5n+3 n:() 1 _ q5n+3 1 — q5n+1 — ( _ q5n+4 1 — q5n+2)
()05 P (0% (3.13)
(4, PP () '
Dividing (3.10) by (3.13) we get
i q" i q5n +2n 1 + q5n+1) B i q5n2+8n+3(1 + q5n+4)
S (L=t = (1—gt) —~ (=gt
o0 n S n n n o0 n246n n
Z q Z e 214 — 1ot } Z gFHonTI(] — g10n+6)
P (1 — gon+3) nzo (1— q5n+3 1 — gontl) £ (1 — ) (1 — gont2)
U Rr S N O A A R (3.14)
(¢,4% ) oo 1414+ 141+ '
Again, dividing (3.11) by (3.13) we obtain,
i q2n f: q5n +4n 1 + q5n+2 i q5n +6n+1(1 + q5n+3)
P (1— ¢t2) 2 (1— ¢nt2) £ (1 — gon+3)

n o0 5n +4n 10n+4 o~ 5n2+6n+1 1 10n+6)

q q
(1 — gon+3) Z (1— q5n+3 1 — q5n+1 Z (1— q5n+4 1 — ¢ +2)

n= n=0

=0

3
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_ (@d)~ _ ., e @ @ P (3.15)
(4%, 4% 4°) oo I+ 1+ 1+ 1+ 1+ .. '
(viii) Choosing A = = 1,7 = 1,7 = 2 and k=5 in (2.2) we find
f: > q5n +3n(1 q10n+3 i 5'n +7n+2(1 q10n+7)
(1 _ q5n+2 1 _ q5n+1 1 — q5n+2 ( _ q5n+4 1 — q5n+3)
5. ,5)\2
_(q )2 (0% 05 0°) _ @5e)s (3.16)

(0.%¢3, ¢ @)oo (¢, 4% ¢%)
Dividing (3.16) by (3.13) we get,

5n2 +3n 10n+3) 5n2 +7n+2(1 q10n+7)

q — q q ¢
Z (1 _ q5n+2) Z 5n+1 q5n+2) Z (]_ _ q5n+4)<1 _ q5n+3)

n=—oo n 0

- q" Z q5"2+4"(1 q10"+4) X goniHon+L(] _ gl0n+6)
nzz_oo (1 — ¢on+3) ; 1 — g5 +3)(1 — ¢ont1) - ; (1 — @) (1 — o +2)
(@) 1 a @ ¢ 517

T (@05 ) I+ IFI1+1+.
Dividing (3.10) by (3.16) we get,

i qn i q5n +2n 1 + q5n+1 f: q5n +8n+3 1 + q5n+4)
_ gon+1 _ 5n+l _ 5n+4
n=-—00 <1 q ) _ n=0 1 q n=0 1 q )
> n e 5n +3n 10n+3 > 5n24+Tn+2 10n+7
q (I—¢""") q (1—¢"™")
n:ZOO (1 _ q5n+2) TLZ:O 1 — q5n+1 1 — q5n+2) nz (]_ _ q5n+4)<1 _ q5n+3)
2 . 3.,.5 1 2 3 4
(@) 1 qa @ g (3.18)

T (005 IHFIFIF I+
Again, dividing (3.11) by (3.16) we get,

i q2: i qu +4n (1+ q5n+2 i q5n2+6n+1(1 + q5”+3)
S (1 —q n+2) B ot 1 — q5n+2 ot (1 — q5n+3)

f: q" i 5n +3n 1 q10n+3 i 5n +7n+2(1 Lo+ T)
L (1 — ¢on+2) n:O 5n+1 P +2) o (1 — o H4) (1 — o t3)

_ [ (0.65¢) 2: Hiq_Qq_g ¢\’ (3.19)
(4, 4% ¢°)s I+ 1+1+1+. ) |
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(ix) Taking A\=p=1,i=j=1,k =6 in (2.2) we have

= (1 _ q6n+1) — (1 6n+1 — (1 _ q6n+5)
6. 6 2. .2
_ (d%q )o;(q6,2q )oo. (3.20)
(¢: 4% ¢°)2%

Again, taking A = =1,7=3,7 = 1 and k=6 in (2.2) we find,

i q3n B o0 q6n2+4n(1 q12n+4 i 6n2+8n+2(1 q12n+8)
_ 6n+1) _ A6n+1 _ 6n+3 _ 6n+3 _ 46n+5
S (L= gty e (1= g5 (1 — ¢ = (1 — ¢ 3)(1 — ¢ t5)
6. .6 2.2
(0% 0°)50(0% 0% o (3.21)

(4,07 0% (% %)%
Dividing (3.20) by (3.21) and using [1; corollary (6.2.7) p. 154] we get,

e n q6n +2n 1 4 q6n+1 6n2+10n+4(1 + q6n+5)

q o0 o0
Z m Z (1 — o tD) Z : (1 — ¢bn+5)

n=—oo o n=0 n—0
S sn S 6n? Fin (] — gl 0, ¢S tBnt2 12n+8
4 q (1— g'2*%)
nz_oo (1 _ q6n+1) g 1 — q6n+1 1— q6n+3 nz ( _ q6n+3 1— q6n+5)
_ @5 i+ P P P4+ 522)
(¢,9% ¢%) 1+ 1+ 1+ 1+.. '

(x) Taking k =8, A=pu=1,i=j=11n (2.2) we get,

i i q8n +2n 1 + q8n+1 i q8n2+14n+6(1 + q8n+7)
8n+1 _ 8n+1 _ A8n+T
n=-—00 ( n= 1 q n=0 (1 q )
(q,q q )oo

Again, taking k =8, A=p=1,i=j = 3 in (2.2) we have

0o 00 8n2+46n 1 + q8n+3)

Z ( 8n+3 Z . ) o

n=—oo n= n

q8n2+10n+2(1 + q8n+5)
(1 _ q8n+5)

WE

I
=)

_ (6% 6°)5(¢% ¢
(2%, 4% ¢®)2%

(3.24)
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Dividing (3.24) by (3.23) and using [1; (6.2.38) p. 154] we find,

50: q3n 00 q8n2+6n(1 + q8n+3) 00 q8n2+10n+2(1 + q8n+5)
. (1 — ¢ +3) ; (1 — ¢®n+3) N nZ:% (1 — ¢3n+5)

&S qn 00 q8n2+2n(1 + q8n+1> 0 q8n2+14n+6<1 + q8n+7)

n_z_oo (1 — ¢go+1) ; (1 — g8 +1) - ; (1 — ¢8+7)

_ { (4,47 6% }2 N {iq+q2q_4q3+q6q_8q5+q1° q" }2
(% 6% ¢%) o 1+ 1+ 14+ 1+ 1+ 14+ 1+..J°

Similar other results can also be scored.

(3.25)
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